In this study, both optimistic and pessimistic approaches of data envelopment analysis are applied to propose an equitable ranking method in fuzzy environments. To this end, we suppose that the sum of efficiency scores of all decision making units (DMUs) equals to unity. Using the worst-best and best-worst approaches, the minimum and maximum possible efficiency scores of each DMU are estimated at some α-levels. Then, a number of such scores are used to construct the corresponding fuzzy score. Finally, using a defuzzification method the obtained fuzzy score is transformed into crisp score. DMUs are ranked according to their crisp scores.
Introduction
Data envelopment analysis (DEA) is a linear programming (LP) technique which measures the relative efficiency of peer decision making units (DMUs) when multiple inputs and outputs are present. The first model of DEA (CCR) was introduced by Charnes et al. (CCR) [5] in 1978. To see the other classic models of DEA, the readers can see [3, 6, 9, 31] . The pioneering DEA models divide DMUs into two efficient and inefficient groups while in practice, there is often a need to fully rank them. So far, several ranking methods are presented in the DEA literature [1] . Andersen and Peterson [2] proposed the super efficiency models for ranking only efficient units in the DEA. This method removes the under assessment unit from the set of DMUs and evaluates the distance of DMU from the new efficient frontier. Cook et al. [7] developed prioritization models to rank only the efficient units. Cross-efficiency approach is another ranking method that was proposed by Sexton et al. [30] . This approach evaluates the performance of a DMU with respect to the optimal input and output weights of other DMUs. Wang and Chin [33] proposed another cross-efficiency model known as Neutral DEA model to gain one set of input and output weights for each DMU. The benchmarking ranking of DEA efficient DMUs initially developed by Torgersen et al. [32] . In this method, efficient DMUs are ranked based on their importance as a benchmark for the other DMUs. Cooper and Tone [8] ranked the DMUs according to scalar measures of inefficiency in DEA, based on the slack variables. Liu and Peng [26] proposed Common Weights Analysis (CWA) to determine a set of indices for common weights to rank efficient DMUs of DEA. Employing the set of common weights, the absolute efficiency score of each DMU in the efficient category is recomputed. Khodabakshi [15] presented a super-efficiency model based on improved outputs in DEA. Also, Khodabakshi et al. [19, 21] and Khodabakshi [20] proposed some super efficiency models in the stochastic environment. Khodabakhshi [18] and Khodabakhshi et al. [20] extend some DEA models from the deterministic environment to the stochastic one. Also, Khodabakhshi [16] and Khodabakhshi et al. [17] proposed some DEA models based on relaxed combinations of inputs. Recently, Khodabakhshi and Aryavash [23] have proposed another ranking model (KA model) using both pessimistic and optimistic attitudes of DEA. They estimate the minimum and maximum of efficiency scores of DMUs under the assumption that the sum of their scores be equal to unity. In their method, the rank of each DMU is determined according to a combination of its minimum and maximum scores. In this study, the KA model [22, 23] is theoretically developed to rank DMUs with fuzzy data. We determine the minimum and maximum possible efficiency scores of each DMU at some α-levels. The obtained score of each DMU at level α can be represented by an interval. A number of these crisp intervals are used to represent the scores as a fuzzy interval. Finally, DMUs are ranked according to their fuzzy scores. So far, several papers have been presented on the theoretical development of DEA whit fuzzy data (FDEA models). The tolerance approaches were proposed by Sengupta [29] and Kahraman and Tolga [12] . This method fuzzifies the inequality or equality signs, whereas often the inputs and outputs are imprecise. The defuzzification approach was developed by Lertworasirikul [24] . In this approach the fuzzy inputs and outputs are defuzzified into crisp values. This approach is simple but ignores the uncertainty in data. The α-level based approach was introduced by Maeda et al. [28] , Kao and Liu [13] , and Lertworasirikul [24] . In this approach, the FDEA model is solved by parametric programming using α-cuts. Solving the model at a given α-level produces a corresponding interval efficiency for the target DMU. A number of such intervals can be used to construct the corresponding fuzzy efficiency. This approach provides fuzzy efficiency but requires the ranking of fuzzy efficiency sets. The fuzzy ranking approach was developed by Guo and Tanaka [10] . In this approach, Both fuzzy inequalities and equalities in the fuzzy CCR model are defined by ranking methods so that the resulting model is a bi-level LP model. This approach provides fuzzy efficiency for an evaluated DMU at a specified α-level. Guo and Tanaka compare fuzzy efficiencies using only one number at a given α-level. This ignores the possible range of fuzzy efficiency at that α-level. Lertworasirikul et al. [25] proposed the possibility approach which treats constraints as fuzzy events. Using possibility measures of fuzzy events, FDEA models are transformed into possibility DEA models. Lertworasirikul et al. show that for the special case, in which fuzzy membership functions of fuzzy data are trapezoidal types, possibility DEA models become LP models. Furthermore, Jahanshahloo et al. [11] ranked DMUs with fuzzy data by l 1 -norm. Ma and Li [27] used range reduction techniques to propose a fuzzy ranking method. Zerafat Angiz et al. [37] proposed a six-stage algorithm to rank the efficient DMUs using fuzzy concept. To see the other FDEA models, the readers can see [13, 34, 35, 39] . This paper is organized in four additional sections. In the next section, some of the preliminary concepts of DEA and fuzzy sets theory are discussed. The proposed method is presented in the Section 3. Section 4, is devoted to a numerical example. The final section contains brief concluding remarks and future extensions.
The preliminary concepts of DEA and fuzzy sets theory
In this section, the concepts of DEA and fuzzy sets are briefly discussed.
Data envelopment analysis
Let there are n decision making units
and DMU 0 is an under evaluation DMU. Also, suppose that all inputs and outputs are non-negative deterministic numbers. In the DEA, the weighted sum of outputs divided by the weighted sum of inputs is defined as the efficiency score. So, the nonnegative weights v i (i = 1, . . . , m) and u r (r = 1, . . . , s) are assigned to inputs and outputs, respectively, and the efficiency score of DMU 0 (θ 0 ) is obtained as follows:
In the pioneering DEA models, to normalize the scores of DMUs, the variable θ 0 is maximized subject to following constraints: Hence, in DEA the following fractional model is used to evaluate DMU 0 :
Under conditions (2.2), the scores of all efficient DMUs be equal to unity. So, model (2.3) can not discriminate among efficient DMUs. Also, if the number of DMUs is less than the combined number of inputs and outputs, a large portion of the DMUs will be identified as efficient, and the efficiency discrimination among DMUs is questionable. Recently, Khodabakhshi and Aryavsh [23] removed the normalizing constraints (2.2) from the model (2.3) and replaced them by following condition:
This replacement removes the discrimination trouble of DEA. Furthermore, under the condition (2.4) both minimum and maximum possible efficiency values of the objective function (θ 0 ) can be achieved. So, using single model the efficiency scores of each DMU can be evaluated in both pessimistic and optimistic attitudes. Using this replacement the model (2.3) is transformed to the following model:
min and max θ 0 (2.5)
This model must be run two times. First, θ 0 must be minimized to determine its minimum value (θ L 0 ), and then θ 0 must be maximized to determine its maximum value (θ U 0 ). Using the transformation w i j = v i θ j , model (2.5) can be rewritten as following LP [23] :
Fuzzy sets theory
One way to describe the vagueness and lack of precision of data is fuzzy sets theory which was introduced by Zadeh [36] in 1965. Here some of the definitions of this theory are presented [4, 38] .
Fuzzy set: If X is a collection of objects denoted by x, then a fuzzy setx in X is a set of ordered pairs: 
Normal fuzzy set: A fuzzy setx in X is said to be normal if there exist x ∈ X such that µx(x) = 1.
Fuzzy number:
A fuzzy numberx is a convex normalized fuzzy setx of the real line R such that 1. There exist exactly one x 0 ∈ R with µx(x 0 ) = 1 (unimodal).
2. µx(x) is piecewise continuous.
Positive fuzzy number:
A fuzzy numberx is called positive (negative), denoted byx > 0 (x < 0), if its membership function µx(x) satisfies µx(x) = 0, x < 0 (x > 0).
LR fuzzy number:
A fuzzy numberx is said to be LR if
where m is the mean value ofx and α and β are left and right spreads, respectively, and a function L(.) is the left shape function satisfying:
2. L(0)=1 and L(1)=0.
L(x) is non-decreasing on [0, ∞).

Naturally, a right shape function R(.) is similarly defined as L(.).
Triangular fuzzy number: A LR fuzzy numberx is said to be triangular if L(.) and R(.) be linear functions.
Remark: A membership function of triangular fuzzy numberx = (L, M, R) (L ≤ M ≤ R) is as follows:
µx(x) =    x−L M−L L ≤ x < M 1 x = M x−R M−R M < x ≤ R
LR fuzzy interval:
A fuzzy setx is said to be an LR fuzzy interval if
where [a, b] is the peak or core ofx and α and β are left and right spreads, respectively, and the functions L(.) and R(.) are the same as the functions of LR fuzzy number.
α-cut of fuzzy set: A α-cut of fuzzy setx is a crisp subset of X which, denoted by: 
The α-level based approach (see [13, 25, 28] ) is used to solve this fuzzy model. In this approach, the value of θ 0 is determined for given α-cuts of fuzzy data. Thus, model (3.7) is transformed to a family of interval DEA models with different α-level sets. To find the efficiency interval of DMU 0 at level α (θ α 0 ), it is sufficient to find the minimum and maximum value of θ 0 at this level by following interval model:
For each α-level, the best-worst and worst-best state of DMUs are applied to obtain their maximum and minimum scores, respectively. In the best-worst models, we set the inputs and outputs of DMU 0 to the best status of their intervals, and the inputs and outputs of other DMUs to the worst status of their intervals. In fact, to find the smallest possible score of DMU 0 in level α, one will setx i j ( j = 1, . . . , n, j ̸ = o) andỹ r0 to their lowest values and setx i0 and y r j ( j = 1, . . . , n, j ̸ = o) to their highest values. Therefore, the minimum value of θ 0 at level α (θ αL 0 ) is determined as follows:
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On the contrary, in the worst-best models we set the inputs and outputs of DMU 0 to the worst status and inputs and outputs of other DMUs to the best status of their intervals. In fact, to find the highest possible efficiency of DMU 0 at level α, one will setx i j ( j = 1, . . . , n, j ̸ = o) andỹ r0 to their highest values and setx i0 andỹ r j ( j = 1, . . . , n, j ̸ = o) to their lowest values. Therefore, the maximum value of θ 0 at level α (θ αU 0 ) is determined by following model:
Hence, the score of DMU 0 at level α can be any value of interval [θ αL 0 , θ αU 0 ]. A number of these intervals can be used to construct the fuzzy scoreθ 0 with membership function µθ 0 (θ ). We obtain the efficiency intervals of DMU 0 at p
There is following relations among the scores of DMU 0 at p different α-levels: θ
, α k ) are obtained. Therefore, using p α-levels, 2p pairs are obtained. Using an interpolation method on these points, a LR fuzzy interval (θ o ) can be achieved. Its left shape function µθ 0 (θ ) = L(θ ) is obtained using interpolation on the points (θ
0 . Also, its right shape function µθ 0 (θ ) = R(θ ) is obtained using interpolation on the points (θ
. Therefor, the membership function ofθ o can be represented as follows:
In order to rank DMUs, their fuzzy scores must be transformed to the crisp numbers (θ 0 ). To this end, the centroid defuzzification method [24] is used as follows:θ
Using formula (3.12), the whole of the possible range of fuzzy efficiencies is considered to determineθ 0 .
Example
In this example, there are five DMUs with two triangular fuzzy inputs (x 1 ,x 2 ) and two triangular fuzzy outputs (ỹ 1 ,ỹ 2 ) as showed in Table 1 . The efficiency intervals of DMUs at five α-levels have been measured and shown in the columns 2-6 of Table 2 . Table 2 . Finally, the DMUs have been ranked according to their average efficiency scores. This approach ranks DMUs according to the scores which determined in the optimistic conditions. Also, this approach can not differentiate among efficient DMUs as can be seen from the last column of table 3. Also, this approach for each α provides a different ranking, whereas in the real world problem, a unique ranking is needed. 
Conclusion
The proposed ranking method has some advantages. The large number of the existing FDEA models are only suitable for specific fuzzy numbers such as triangular or trapezoidal observations, whereas the proposed method can be used for any fuzzy data. Also, the previous models rank DMUs according to their performance in only optimistic situation, whereas the proposed method is based on both optimistic and pessimistic approaches. Furthermore, our method uses whole of the possible range of fuzzy scores of DMUs to rank them. In addition, our method can discriminate among all DMUs. Finally, our model can be easily used when the number of DMUs is less than the combined number of inputs and outputs. In the future researches, the proposed method can be developed to rank the DMUs with other kinds of imprecise data.
